MATH HL2 EXAM PREP - CORE TOPICS - ALGEBRA

1. Given that LZ =2—-i,z € C,findzinthe forma+ib.
7+

(Total 4 marks)

2. A geometric sequence Uy, Uy, Uz, ... has u; = 27 and a sum to infinity of %1

(@  Find the common ratio of the geometric sequence.

2
An arithmetic sequence vy, vy, V3, ... is such that v, = u, and v, = Uy.
N
(b)  Find the greatest value of N such that ZVn >0.
n=1
()

(Total 7 marks)

3. Prove by mathematical induction that, forn e Z7,

2 3 n-1
1+ 2(1 31 44 1) soan[ L] —4nE2
2)7 72 2 2 ot

(Total 8 marks)

E

Two players, A and B, alternately throw a fair six-sided dice, with A starting, until one of them
obtains a six. Find the probability that A obtains the first six.
(Total 7 marks)

5. (@)  Show that sin 2 nx = sin((2n + 1)x) cos x — cos((2n + 1)x) sin x.
@
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(b)

(©)

(b)

Hence prove, by induction, that

sin 2nx
2sinx

€0S X + €0s 3x + €0s 5x + ... + cos((2n — 1)x) =

foralln € Z, sinx#0.
12)

. 1
Solve the equation cos x + cos 3x = > 0<x<m.

(6)
(Total 20 marks)

Consider the following sequence of equations.
1
1x2= 5(1><2X3),
1
1x2+2x3= §(2><3><4),

1x2+2x3+3x4= %(BX4><5),

(i)  Formulate a conjecture for the n™ equation in the sequence.

(i)  Verify your conjecture for n = 4.
(2

A sequence of numbers has the n™ term givenby u,=2"+3,n e Z". Bill conjectures
that all members of the sequence are prime numbers. Show that Bill’s conjecture is false.

)
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(c)  Use mathematical induction to prove that 5 x 7" + 1 is divisible by 6 foralln € Z™.

(6)
(Total 10 marks)

7. (@  Write down the expansion of (cos 6 + i sin 0)3 in the form a + ib, where aand b are in
terms of sin # and cos 6.

2
(b)  Hence show that cos 36 = 4 cos® 6 — 3 cos 6.

3)
(c)  Similarly show that cos 56 = 16 cos® 6 — 20 cos® 6 + 5 cos 6.

®)
(d) Hence solve the equation cos 56 + cos 36 + cos § = 0, where 8 € {—g , ﬂ :

(6)
(e) By considering the solutions of the equation cos 58 = 0, show that

cos =~ = ,/5+ V5 and state the value of cos7—7E .
10 8 10
(8)

(Total 22 marks)

8.  Thecomplex numbersz; =2 -2iandz,=1- iv/3 are represented by the points A and B
respectively on an Argand diagram. Given that O is the origin,

(@) find AB, giving your answer in the form a\/b—\/§ ,wherea,b ¢ Z%;
®)

IB Questionbank Mathematics Higher Level 3rd edition 3



MATH HL2 EXAM PREP - CORE TOPICS - ALGEBRA

(b)

calculate AOB in terms of 7.

®)
(Total 6 marks)

< $9. In the arithmetic series with n™ term Uy, it is given that u, = 7 and ug = 22.
Find the minimum value of n so that u; + u, + uz + ... + u, > 10 000.

10.

11.

(Total 5 marks)

An arithmetic sequence has first term a and common difference d, d #0.

The 3", 4" and 7 terms of the arithmetic sequence are the first three terms of a geometric
sequence.

(a)

(b)

(@)

(b)

Show that a = —gd .
(3)

Show that the 4™ term of the geometric sequence is the 16™ term of the arithmetic
sequence.

()
(Total 8 marks)

i 2 in2
Giventhat A= | 0 M0\ owthat a2 = [ €520 sin20)
—singd cosé —-sin 26 cos 20
(3)
Prove by induction that
0 inng
AN= | CONY SO e aiin e 2%,
—-sinnd cosnd
(7
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(©)

12. Consider w = cos(%ﬂnsin(z—nj.

(@)

(b)

(©

13. (a)

IB Questionbank Mathematics Higher Level 3rd edition

Given that A% is the inverse of matrix A, show that the result in part (b) is true
where n =-1.

®)
(Total 13 marks)

3
Show that
(i) o’=1
(i) l+w+w?=0

(ii)

®)
. i 6’+E i 9+4—n
Deduce that ' + e( 3) +e( SJ =0.
Ilustrate this result for 6 = g on an Argand diagram.
(4)
Expand and simplify F(z2) = (- 1)(z - w)(z - wz) where z is a complex number.
Solve F(z) = 7, giving your answers in terms of w.
(7)

(Total 16 marks)

Factorize z° + 1 into a linear and quadratic factor.

@
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1+iv/3

Lety=
T

(b) (i)  Show that y is one of the cube roots of —1.
(i)  Show thaty>=y—1.

(iii)  Hence find the value of (1 — y)s.

The matrix A is defined by A =

1
o L
v

(c) Showthat A2— A + 1 =0, where 0 is the zero matrix.
(d) Deduce that

i Ad=-l

(i) Al=1-A

©)

(4)

®)

(Total 20 marks)

14. (a) Write down the quadratic expression 2x + x — 3 as the product of two linear factors.

(b)  Hence, or otherwise, find the coefficient of x in the expansion of (2x2 +X— 3)8.

M

(4)

(Total 5 marks)
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15.  Solve the following system of equations.

l0Gxs1 Y = 2

logy+1 X =

NP

16.  Consider the arithmetic sequence 8, 26, 44, ....

()

(b)

(©)

17. ()

(b)

18. (a)

Find an expression for the n™ term.

Write down the sum of the first n terms using sigma notation.

Calculate the sum of the first 15 terms.

Simplify the difference of binomial coefficients

(nj - [an , Where n > 3.
3 2

Hence, solve the inequality

n 2n
— > 32n, where n > 3.
3 2

Solve the equation 2 =-2+2i, giving your answers in modulus—argument form.

IB Questionbank Mathematics Higher Level 3rd edition
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@)

)
(Total 4 marks)

(4)

(2)
(Total 6 marks)

(6)
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(b)  Hence show that one of the solutions is 1 + i when written in Cartesian form.

19. Given that z = cosé + i sin 8 show that

(a) Im[z” +inj=0,ne Z*:
z

4
20. Expand and simplify [xz —Ej .
X

21.  Find the sum of all three-digit natural numbers that are not exactly divisible by 3.

22.  Consider the complex numbersz =1 + 2iand w = 2 +ai, wherea € R.
Find a when

@ [w]=2]z];

(b) Re (zw) =2 Im(zw).

D
(Total 7 marks)

@

)
(Total 7 marks)

(Total 4 marks)

(Total 5 marks)

®)

®)
(Total 6 marks)

23.  The sum, Sy, of the first n terms of a geometric sequence, whose n" term is Uy, is given by
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n_ n
Sy = 7—a,wherea>0.
7n

(@)  Find an expression for uy,.

(b)  Find the first term and common ratio of the sequence.

(c)  Consider the sum to infinity of the sequence.
(i)  Determine the values of a such that the sum to infinity exists.

(i) Find the sum to infinity when it exists.

24.  Let a be the angle between the unit vectors a and b, where 0 < a <.

(@) Express |a—b| and |a+b]| interms of a.

(b)  Hence determine the value of cos « for which |a+b| =3|a-b]|.

25.  Consider the polynomial p(x) = x* + aC +bx® +cx +d, wherea, b, c,d e R.

Given that 1 +iand 1 — 2i are zeros of p(x), find the values of a, b, c and d.

IB Questionbank Mathematics Higher Level 3rd edition
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(2)
(Total 8 marks)
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(Total 5 marks)

(Total 7 marks)



MATH HL2 EXAM PREP - CORE TOPICS - ALGEBRA

26.  The diagram below shows a solid with volume V, obtained from a cube with edge a > 1 when a

. 1.
smaller cube with edge — is removed.
a

diagram not to scale

Letx = a—l.
a

(@ Find Vin terms of x.
(4)

1+\/§

(b)  Hence or otherwise, show that the only value of a for which V = 4x isa = 5

(4)
(Total 8 marks)

27. (@) Consider the set of numbers a, 2a, 3a, ..., na where a and n are positive integers.

(i)  Show that the expression for the mean of this set is a(n+1) .

(i)  Leta=4. Find the minimum value of n for which the sum of these numbers
exceeds its mean by more than 100.
(6)
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(b)  Consider now the set of numbers Xy, ..., Xm, Y1, -+ s Y1, -, YnWherex;=0fori=1, ..., m
andyj=1fori=1,..,n.

(i)  Show that the mean M of this set is given by and the standard deviation

Jmn

m+n

+Nn

S by

(i)  Given that M =S, find the value of the median.
(11)
(Total 17 marks)

28. If zis a non-zero complex number, we define L(z) by the equation
L@ =In|z| +iarg (z),0<arg (2) <2x.

(@  Show that when z is a positive real number, L(z) = In z.

)
(b)  Use the equation to calculate
(i) L)
(i) L@-i);
@ii)) L1+ ).
®)
(c)  Hence show that the property L(z,1z,) = L(z1) + L(z,) does not hold for all values
of z; and z,.
)

(Total 9 marks)

29. Consider the complex number » = z_+; ,wherez=x+iyandi= v-1.
Z+

(@ If w =1, determine z in the form z = r cis 6.
(6)
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30.

31.

32.

2 2 .
(b)  Prove that w = (X°+2X+y" +y)+i(x+2y+2)

(x+2)% +y?
®)
(c)  Hence show that when Re(w) = 1 the points (X, y) lie on a straight line, l;, and write down
its gradient.
(4)
(d) Givenarg (2) = arg(w) = % find |z].
(6)

(Total 19 marks)

The mean of the first ten terms of an arithmetic sequence is 6. The mean of the first twenty

terms of the arithmetic sequence is 16. Find the value of the 15" term of the sequence.
(Total 6 marks)

Three Mathematics books, five English books, four Science books and a dictionary are to be
placed on a student’s shelf so that the books of each subject remain together.

(@  Inhow many different ways can the books be arranged?
(4)

(b)  In how many of these will the dictionary be next to the Mathematics books?

3)
(Total 7 marks)

Given that z; =2 and z, = 1 + i+/3 are roots of the cubic equation z° + bz? + cz + d = 0
whereb,c,d € R,

(@  write down the third root, z3, of the equation;
@

(b)  find the values of b, ¢ and d;
(4)

(c)  write z, and z3 in the form re'’.
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Q)

(Total 8 marks)

n

33.  Prove by mathematical induction » r(r)=(n+1)!-1, ne Z%,

r=1

(Total 8 marks)

34.  The complex number z is defined as z = cos 6 + i sin 6.

(@)

(b)

(©)

(d)

(€)

()

(9)

State de Moivre’s theorem.

Show that z" —in = 2i sin (nd).
z

5
Use the binomial theorem to expand (z —1] giving your answer in simplified form.
z

Hence show that 16 sin® 6 = sin 56 -5 sin 36 + 10 sin 6.

Check that your result in part (d) is true for § =

N

Find jfsin59de.

Hence, with reference to graphs of circular functions, find .[05 cos® #d@ , explaining your

reasoning.

M

®)

®)

(4)

4)

(4)

@)

(Total 22 marks)
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35. (@ Show that the complex number i is a root of the equation

x* —5x3+ 7x% —5x + 6 =0.

(b)  Find the other roots of this equation.

111
36. LetA=|0 1 1| andB=
0 01

[ S SN
= = O
m O o

(8) Giventhat X=B-AtandY=B1-A,

(i) find Xand;

(i) does X1+ Y have an inverse? Justify your conclusion.

1 n n(n+1)
(b)  Prove by inductionthat A"= [0 1 ﬁ forn e Z",
00 1
1 x vy
(c) Giventhat(AW*=|0 1 x| forn e Z%
0 01

(i) findx andy in terms of n,

ii)  and hence find an expression for A" + (A" 2.
p

IB Questionbank Mathematics Higher Level 3rd edition
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(4)
(Total 6 marks)

®)

()

(6)
(Total 18 marks)
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37.  Six people are to sit at a circular table. Two of the people are not to sit immediately beside each

other. Find the number of ways that the six people can be seated.

(Total 5 marks)

38. Consider the graphsy =e ™ andy = e sin 4x, for 0 <x < 5% .

(@)  On the same set of axes draw, on graph paper, the graphs, for 0 <x < 5% .

Use a scale of 1 cm to g on your x-axis and 5 cm to 1 unit on your y-axis.

(b)  Show that the x-intercepts of the graph y = e * sin 4x are %n ,n=0,123,4,5.

(c)  Find the x-coordinates of the points at which the graph of y = e * sin 4x meets the graph
of y = e ™. Give your answers in terms of .

(d) (i)  Show that when the graph of y = e sin 4x meets the graph of y = ¢, their
gradients are equal.

(i)  Hence explain why these three meeting points are not local maxima of the
graph y = e sin 4x.

IB Questionbank Mathematics Higher Level 3rd edition
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(€)

(i)  Determine the y-coordinates, yy, Y, and y3, where y; >y, > yj3, of the local maxima
ofy=e™sindxfor0<x< %n . 'You do not need to show that they are maximum

values, but the values should be simplified.

(i) Show that yy, y, and y3 form a geometric sequence and determine the common ratio

r.

()

(Total 22 marks)

39. Find the values of n such that (1 + J3 i)" is a real number.

40. (a)

(b)

(©

(d)

(Total 5 marks)

The sum of the first six terms of an arithmetic series is 81. The sum of its first eleven
terms is 231. Find the first term and the common difference.

The sum of the first two terms of a geometric series is 1 and the sum of its first four terms
is 5. If all of its terms are positive, find the first term and the common ratio.

The r'" term of a new series is defined as the product of the r" term of the arithmetic
series and the r'" term of the geometric series above. Show that the r" term of this new
series is (r + 1)2" %,

Using mathematical induction, prove that

n
D (r+1)2" =n2",ne Z%,
r=1

(6)

®)

®)

U]

(Total 21 marks)

IB Questionbank Mathematics Higher Level 3rd edition

16



MATH HL2 EXAM PREP - CORE TOPICS - ALGEBRA

41.

42.

43.

(@) Letz=x+iybeany non-zero complex number.
. 1. .
(i) Express — inthe formu +iv.
z
(i) If 2+1_k ke R, showthat either y=0orx*+y*=1.
z

(i) Show that if x* +y*=1then |k| <2.

(€))
(b) Letw=cos@d+isiné.
()  Showthatw"+w™ =2cosnf,n e Z.
(i)  Solve the equation 3w? —w + 2 —w ™ + 3w 2 = 0, giving the roots in the
form x + iy.
(14)

(Total 22 marks)

n
When (1+gj ,ne N, is expanded in ascending powers of x, the coefficient of X is 70.

(@  Find the value of n.
(®)

(b)  Hence, find the coefficient of X2,

(1)
(Total 6 marks)

Consider the equation Z+at+bz+c= 0, where a, b, ¢ € R. The points in the Argand
diagram representing the three roots of the equation form the vertices of a triangle whose area is
9. Given that one root is -1 + 3i, find

(@)  the other two roots;
(4)
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(b) a,bandc.

®)
(Total 7 marks)

44.  EXpress in the form % where a, be Z.

(Total 5 marks)

45.  Acircular disc is cut into twelve sectors whose areas are in an arithmetic sequence.
The angle of the largest sector is twice the angle of the smallest sector.

Find the size of the angle of the smallest sector.
(Total 5 marks)

46. The common ratio of the terms in a geometric series is 2*.

(@)  State the set of values of x for which the sum to infinity of the series exists.
(2

(b)  If the first term of the series is 35, find the value of x for which the sum to infinity is 40.

(4)
(Total 6 marks)

47.  The function f is defined by f (x) = x e,

It can be shown that f ™ (x) = (2" x + n 2"%) e® for all ne Z*, where f ™ (x) represents the n*"
derivative of f (x).

(@) By considering f ) (x) for n =1 and n = 2, show that there is one minimum point P on the
graph of f, and find the coordinates of P.
)
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(b)

(©)

(d)

(€)

48. (a)

(b)

49, Letw =cos 2—;+isinﬁ.

()

Show that f has a point of inflexion Q at x = —1.

©)
Determine the intervals on the domain of f where f is
(i)  concave up;
(i)  concave down.

2
Sketch f, clearly showing any intercepts, asymptotes and the points P and Q.

(4)
Use mathematical induction to prove that f ™ (x) = (2"x + n2" %) e for all ne Z*, where
£ (X) represents the n™ derivative of f ().

(9)

(Total 27 marks)

Find the sum of the infinite geometric sequence 27, -9, 3, -1, ....

3)
Use mathematical induction to prove that for ne Z*,
_¢n
atar+ar+. +art= 24T
1-r
()

(Total 10 marks)

5

Show that w is a root of the equation 2°-1=0.
@)
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(b)  Show that (W — 1) (W* + w® + w? + w + 1) =w® — 1 and deduce that
wrrwi+wr+w+1=0.

©)

()  Hence show that cos %+cos4—5n=—%.

(6)
(Total 12 marks)

50. z;= (1+i\/§)m andz, = (1-i)".

(@  Find the modulus and argument of z; and z, in terms of m and n, respectively.
(6)

(b)  Hence, find the smallest positive integers m and n such that z; = z,.

(8)
(Total 14 marks)

51.  Determine the first three terms in the expansion of (1- 2x)° (1+ x)” in ascending powers of x.
(Total 5 marks)

52.  Find, in its simplest form, the argument of (sin@+i (1— cosH))2 where @is an acute angle.
(Total 7 marks)

53.  Consider w = where z=x +iy,y=0and zZ + 1 0.

22 +1

Given that Imw = 0, show that |z| =1.
(Total 7 marks)
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54.  Let M2 =M where M = (a bj, )

55.

56.

(@)

(b)

(©)

(d)

(€)

(@)

(b)

c d

(i) Showthata+d=1.

(i) Find an expression for bc in terms of a.

(®)
Hence show that M is a singular matrix.

®)
If all of the elements of M are positive, find the range of possible values for a.

®)
Show that (I — M) = | — M where | is the identity matrix.

®)
Prove by mathematical induction that (1 — M)"=1—-M forne Z".

(6)

(Total 20 marks)

The independent random variables X and Y have Poisson distributions and Z = X + Y. The
means of X and Y are A and u respectively. By using the identity

P(Zzn)zzn:P(sz)P(Y:n—k)

show that Z has a Poisson distribution with mean (1 + ).

(6)
Given that Uy, Uy, Ug, ... are independent Poisson random variables each having mean m,
n
use mathematical induction together with the result in (a) to show that ZU, has a
r=1
Poisson distribution with mean nm.
(6)

(Total 12 marks)

An 81 metre rope is cut into n pieces of increasing lengths that form an arithmetic sequence
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with a common difference of d metres. Given that the lengths of the shortest and longest pieces
are 1.5 metres and 7.5 metres respectively, find the values of n and d.

57. (@)

(b)

58. (a)

(b)

(©

59. (@)

(b)

(©)

(Total 4 marks)

Using mathematical induction, prove that

cos® -sind)" (cosnd -—sinné .
. =| . ,he Z".
sind cosé sinnd cosnd@

©)

Show that the result holds true for n = —1.

)
(Total 14 marks)

Use de Moivre’s theorem to find the roots of the equation #=1-1i

(6)
Draw these roots on an Argand diagram.
)
If z; is the root in the first quadrant and z, is the root in the second quadrant, find =% in
Z
the form a + ib.
(4)

(Total 12 marks)

Expand and simplify (x — 1)(x* + x5 + x% + x + 1).
(2)

Given that b is a root of the equation z° —1 = 0 which does not lie on the real axis in the
Argand diagram, show that 1 + b + b? + b + b* = 0.
®)

Ifu="Db + b*and v = b? + b® show that
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60.

61.

62.

i) u+tv=uv=-1;

@i u-v= \/g,giventhatu—v>0.

(8)
(Total 13 marks)

A geometric sequence has a first term of 2 and a common ratio of 1.05. Find the value of the
smallest term that is greater than 500.
(Total 5 marks)

There are six boys and five girls in a school tennis club. A team of two boys and two girls will
be selected to represent the school in a tennis competition.

(@  Inhow many different ways can the team be selected?

3)
(b)  Tim is the youngest boy in the club and Anna is the youngest girl. In how many different
ways can the team be selected if it must include both of them?
(2)
(c) What is the probability that the team includes both Tim and Anna?
1)
(d) Fred is the oldest boy in the club. Given that Fred is selected for the team, what is the
probability that the team includes Tim or Anna, but not both?
(4)

(Total 10 marks)

Given that 4 In 2 — 3In 4 = —In k, find the value of k.
(Total 5 marks)
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63.

64.

65.

66.

67.

68.

69.

Solve the equation logs(x + 17) — 2 = logz 2x.
(Total 5 marks)

Solve the equation 222 —10 x 2 +4=0,x e R.
(Total 6 marks)

Given that (a + bi)® = 3 + 4i obtain a pair of simultaneous equations involving a and b. Hence
find the two square roots of 3 + 4i.
(Total 7 marks)

Given that 2 + i is a root of the equation x* — 6x* + 13x — 10 = 0 find the other two roots.
(Total 5 marks)

Giventhat |z| = /10, solve the equation 5z + 1—2 = 6 — 18i, where z* is the conjugate of z.
z

(Total 7 marks)

Find the three cube roots of the complex number 8i. Give your answers in the form x + iy.
(Total 8 marks)

Solve the simultaneous equations

i21+222:3
Zl+(1—i)22:4

giving z; and z, in the form x + iy, where x and y are real.
(Total 9 marks)
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70.

71.

72.

73.

74.

Find b where

24bi 7 9.

1-bi 10 10

(Total 6 marks)

Use mathematical induction to prove that 5" + 9" + 2 is divisible by 4, forn e Z™.

(Total 9 marks)

Giventhatz=(b + i)z, where b is real and positive, find the value of b when arg z = 60°.

(Total 6 marks)

A room has nine desks arranged in three rows of three desks. Three students sit in the room. If
the students randomly choose a desk find the probability that two out of the front three desks are
chosen.

(@)

(b)

(©)

(d)

(Total 5 marks)

Show that p = 2 is a solution to the equation p® + p> —5p—2 = 0.

2
Find the values of a and b such that p* + p? — 5p — 2 = (p — 2)(p? + ap + h).

4
Hence find the other two roots to the equation p* + p? —5p — 2 = 0.

€))

An arithmetic sequence has p as its common difference. Also, a geometric sequence has p
as its common ratio. Both sequences have 1 as their first term.

(i)  Write down, in terms of p, the first four terms of each sequence.
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(it)  If the sum of the third and fourth terms of the arithmetic sequence is equal to the
sum of the third and fourth terms of the geometric sequence, find the three possible
values of p.

(iii)  For which value of p found in (d)(ii) does the sum to infinity of the terms of the
geometric sequence exist?

(iv)  For the same value p, find the sum of the first 20 terms of the arithmetic sequence,

writing your answer in the form a + by/c ,Wherea,b,c € Z.
(13)
(Total 22 marks)

216 3i0 +

75.  Consider the complex geometric series e + %e +%e

(@)  Find an expression for z, the common ratio of this series.

(2)
(b) Showthat |z| <1.
)
(c)  Write down an expression for the sum to infinity of this series.
(2
(d (i) Express your answer to part (c) in terms of sin 6 and cos 6.
(i)  Hence show that
Cos O+ Scos20+ Scos3g+ .. = 2€080-2
2 4 5—-4coséd
(10)

(Total 16 marks)
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76. The roots of the equation 22 + 2z + 4 = 0 are denoted by o and 5?

(@)

(b)

(©)

(d)

(€)

()

(9)

Find « and 4 in the form re®.

Given that « lies in the second quadrant of the Argand diagram, mark o and 4 on an
Argand diagram.

Use the principle of mathematical induction to prove De Moivre’s theorem, which states
that cos né + i sinnf = (cos @ +isin6)"forn e Z".

3
Using De Moivre’s theorem find a_2 in the form a + ib.

Using De Moivre’s theorem or otherwise, show that o= ﬂs.

Find the exact value of o8* + Sa* where a* is the conjugate of « and #* is the conjugate

of .

Find the set of values of n for which «" is real.

(6)

@

®)

(4)

®)

®)

®)

(Total 31 marks)

77. A sum of $ 5000 is invested at a compound interest rate of 6.3 % per annum.

(@)

(b)

Write down an expression for the value of the investment after n full years.

What will be the value of the investment at the end of five years?

IB Questionbank Mathematics Higher Level 3rd edition

M

)

27



MATH HL2 EXAM PREP — CORE TOPICS - ALGEBRA
(c)  The value of the investment will exceed $10 000 after n full years.

(i)  Write an inequality to represent this information.
(i)  Calculate the minimum value of n.

(4)
(Total 6 marks)
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